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This paper reviews some of the results of the Planck collaboration and shows how
to compute the distance from the surface of last scattering, the distance from the
farthest object that will ever be observed, and the maximum radius of a density
fluctuation in the plasma of the CMB. It then explains how these distances together
with well-known astronomical facts imply that space is flat or nearly flat and that
dark energy is 69% of the energy of the universe.
I. COSMIC MICROWAVE BACKGROUND RADIATION
The cosmic microwave background (CMB) was predicted by Gamow in 1948 [1], estimated
to be at a temperature of 5 K by Alpher and Herman in 1950 [2], and discovered by Penzias
and Wilson in 1965 [3]. It has been observed in increasing detail by Roll and Wilkinson in
1966 [4], by the Cosmic Background Explorer (COBE) collaboration in 1989–1993 [5, 6], by
the Wilkinson Microwave Anisotropy Probe (WMAP) collaboration in 2001–2013 [7, 8], and
by the Planck collaboration in 2009–2019 [9–12].
The Planck collaboration measured CMB radiation at nine frequencies from 30 to 857
GHz by using a satellite at the Lagrange point L2 in the Earth’s shadow some 1.5×106 km
farther from the Sun [11, 12]. Their plot of the temperature T (θ, φ) of the CMB radiation as
a function of the angles θ and φ in the sky is shown in Fig. 1 with our galaxy outlined in gray.
The CMB radiation is that of a 3000 K blackbody redshifted to T0 = 2.7255± 0.0006K [13].
After correction for the motion of the Earth, the temperature of the CMB is the same in
all directions apart from anisotropies of 300µK shown in red and blue. The CMB photons
have streamed freely since the baryon-electron plasma cooled to 3000 K making hydrogen
atoms stable and the plasma transparent. This time of initial transparency, some 380,000
years after the big bang, is called decoupling or recombination.
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2Temperature fluctuations of the cosmic microwave background radiation
FIG. 1: CMB temperature fluctuations over the celestial sphere as measured by the
Planck satellite. The average temperature is 2.7255 K. The gray line outlines our galaxy.
(arXiv:1807.06205 [astro-ph.CO], A&A doi.org/10.1051/0004-6361/201833880)
The CMB photons are polarized because they have scattered off electrons in the baryon-
electron plasma before recombination and off electrons from interstellar hydrogen ionized
by radiation from stars. The Planck collaboration measured the polarization of the CMB
photons and displayed it in a graph reproduced in Fig. 2. They also used gravitational lensing
to estimate the gravitational potential between Earth and the surface of last scattering. Their
lensing map is shown in Fig. 3 with our galaxy in black.
The Planck collaboration expanded the temperature T (θ, φ) they measured in spherical
harmonics
T (θ, φ) =
∞∑
`=0
∑`
m=−`
a`,m Y`,m(θ, φ). (1)
They used the coefficients
a`,m =
∫ 2pi
0
dφ
∫ pi
0
sin θ dθ Y ∗`,m(θ, φ)T (θ, φ) (2)
3Polarization of the cosmic microwave background radiation
-160 160 µK0.41 µK
FIG. 2: The polarization field superimposed upon the temperature map. (arXiv:1807.06205
[astro-ph.CO], A&A doi.org/10.1051/0004-6361/201833880)
The lensing map
FIG. 3: The gravitational potential between Earth and the surface of last scattering.
(arXiv:1807.06205 [astro-ph.CO], A&A doi.org/10.1051/0004-6361/201833880)
4Theoretical fit to the temperature anisotropies
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FIG. 4: The temperature-temperature (TT) power spectrum DTT` = `(`+ 1)C`/2pi with its
residuals in the lower panel is plotted against the multipole moment ` on a scale that goes
from logarithmic to linear at ` = 30. The blue curve is the six-parameter ΛCDM fit. (Planck
collaboration, arXiv:1807.06209)
to define a temperature-temperature (TT) power spectrum
DTT` =
`(`+ 1)
2pi(2`+ 1)
∑`
m=−`
|a`,m|2. (3)
They similarly represented their measurements of CMB polarization and gravitational lens-
ing as a temperature-polarization (TE) power spectrum DTE` , a polarization-polarization
(EE) power spectrum DEE` , and a lensing spectrum Cφφ` . They were able to fit a simple,
flat-space model of a universe with cold dark matter and a cosmological constant to their
TT, TE, EE, and lensing data by using only six parameters. Their amazing fit to the TT
spectrum is the blue curve plotted in Fig. 4.
The temperature-temperature power spectrum DTT` plotted in Fig. 4 is a snapshot at
5the moment of initial transparency of the temperature distribution of the rapidly expanding
plasma of dark matter, baryons, electrons, neutrinos, and photons undergoing tiny (2×10−4)
acoustic oscillations. In these oscillations, gravity opposes radiation pressure, and |∆T (θ, φ)|
is maximal both when the oscillations are most compressed and when they are most rarefied.
Regions that gravity has squeezed to maximum compression at transparency form the first
and highest peak. Regions that have bounced off their first maximal compression and that
have expanded under radiation pressure to minimum density at transparency form the second
peak. Those at their second maximum compression at transparency form the third peak, and
so forth. Decoupling was not instantaneous: the fractional ionization of hydrogen dropped
from 0.236 at 334,600 years after the big bang to 0.0270 at 126,000 years later [14, p. 124].
The rapid high ` oscillations are out of phase with each other and are diminished.
The Planck collaboration found their data to be consistent with a universe in which space
is flat but expanding due to the energy density of empty space (dark energy represented by
a cosmological constant Λ). In their model, 84% of the matter consists of invisible particles
(dark matter) that were cold enough to be nonrelativistic when the universe had cooled
to T ∼ 106 K or kT ∼ 100 eV. The Planck collaboration were able to fit their Λ-cold-
dark-matter (ΛCDM) model as shown in Fig. 4 to their huge sets of data illustrated by
Figs. 1–3 by adjusting only six cosmological parameters. In so doing, they determined the
values of these six quantities: the present baryon density ρb0 (including nuclei and electrons),
the present cold-dark-matter density ρd0, the angle θs subtended in the sky by disks whose
radius is the sound horizon at recombination, the optical depth τ between Earth and the
surface of last scattering, the amplitude As of the fluctuations seen in Figs. 1–4, and the
way ns in which fluctuations vary with their wavelength. Their estimates are [12, col. 7, p.
15]
ρb0 = (4.211± 0.026)× 10−28 kg/m3 ρd0 = (2.241± 0.017)× 10−27 kg/m3
θs = 0.0104101± 0.0000029 τ = 0.0561± 0.0071
ln (1010As) = 3.047± 0.014 ns = 0.9665± 0.0038.
(4)
They also estimated some 20 other cosmological parameters [12, col. 7, p. 15] and established
flat ΛCDM as the standard model of cosmology.
Section II explains comoving coordinates, Friedmann’s equation, the critical density, and
some basic cosmology. Section III explains how the scale factor a(t), the redshift z, and the
densities of matter, radiation, and empty space evolve with time and computes the comoving
6distance rd from the surface of decoupling or last scattering and the comoving distance from
the most distant object that will ever be observed. Section IV computes the sound horizon
rs, which is the maximum size of an overdense fluctuation at the time of decoupling, and
the angle θs = rs/rd subtended by it in the CMB. This calculation relates the first peak in
the TT spectrum of Fig. 4 to the density of dark energy, the Hubble constant, and the age
of the universe. Finally in section V it is shown that the angle θs = rs/rd, which the Planck
data determine as θs = 0.0104101 ± 0.0000029, varies by a factor of 146 when the Hubble
constant is held fixed but the cosmological constant Λ is allowed to vary from zero to twice
the value determined by the Planck collaboration. This variation is mainly due to that of rd
not rs.
The paper does not discuss how the CMB anisotropies may have arisen from fluctuations
in quantum fields before or during the big bang; this very technical subject is sketched by
Guth [15] and described by Mukhanov, Feldman, and Brandenberger [16, 17] and by Liddle
and Lyth [18].
II. THE STANDARD MODEL OF COSMOLOGY
On large scales, our universe is homogeneous and isotropic. A universe in which space is
maximally symmetric [19, sec. 13.24] is described by a Friedmann-Lemaˆıtre-Robinson-Walker
(FLRW) universe in which the invariant squared separation between two nearby points is
ds2 = gik dx
idxk = −c2dt2 + a2(t)
(
dr2
1− k r2/L2 + r
2 dθ2 + r2 sin2 θ dφ2
)
(5)
[20–23], [19, sec. 13.42]. In this model, space (but not time) expands with a scale factor a(t)
that depends on time but not on position. Space is flat and infinite if k = 0, spherically
curved and finite if k = 1, and hyperbolically curved and infinite if k = − 1. The curvature
length L lets us measure our comoving radial coordinate r in meters.
Einstein’s equations imply Friedmann’s equation for the Hubble expansion rate H = a˙/a
H2 =
(
a˙
a
)2
=
8piG
3
ρ − c
2k
a2L2
(6)
in which ρ is a mass density that depends on the scale factor a(t), and the constant G =
6.6743× 10−11 m3 kg−1 s−2 is Newton’s [24]. The present value H0 of the Hubble rate is the
Hubble constant
H0 = H0 h = 100 h km/s/Mpc =
(
3.24078 × 10−18 s−1) h. (7)
7in which h (not Planck’s constant) lies in the interval 0.67 . h . 0.74 according to recent
estimates [12, 25, 26]. A million parsecs (Mpc) is 3.2616 million lightyears (ly).
The critical density ρc is the flat space density
ρc =
3H2
8piG
(8)
which satisfies Friedmann’s equation (6) in flat (k = 0) space
H2 =
(
a˙
a
)2
=
8piG
3
ρc. (9)
The present value of the critical density is
ρc0 =
3H20
8piG
=
3H
2
0
8piG
h2 =
(
1.87834× 10−26 kg/m3) h2. (10)
The present mass densities (4) of baryons ρb0 and of cold dark (invisible) matter ρd0 divided
by the present value of the critical density ρc0 are the dimensionless ratios
Ωb =
ρb0
ρc0
and Ωd =
ρd0
ρc0
(11)
in which the factor h cancels. The Planck collaboration’s values for these ratios are [12]
Ωb h
2 = 0.02242± 0.00014 and Ωd h2 = 0.11933± 0.00091 (12)
in terms of which ρb0 = [3H
2
0/(8piG)] Ωb h
2 and ρd0 = [3H
2
0/(8piG)] Ωd h
2. The ratio of
invisible matter to ordinary matter is Ωd/Ωb = 5.3. The ratio for the combined mass density
of baryons and dark matter is
Ωbd h
2 = Ωb h
2 + Ωd h
2 = 0.14175. (13)
The present density of radiation is determined by the present temperature T0 = 2.7255±
0.0006 K [13] of the CMB and by Planck’s formula [19, ex. 5.14] for the mass density of
photons
ργ0 =
pi2 (kBT0)
4
15 ~3c5
= 4.645086× 10−31 kg m−3. (14)
Adding in three kinds of massless Dirac neutrinos at T0ν = (4/11)
1/3 T0, we get for the
present density of massless and nearly massless particles [14, sec. 2.1]
ρr0 =
[
1 + 3
(
7
8
)(
4
11
)4/3]
ργ = 7.809885× 10−31 kg m−3. (15)
8Thus the density ratio Ωr h
2 for radiation is
Ωr h
2 =
ρr0
ρc0
h2 = 4.15787× 10−5. (16)
If k = 0, then space is flat and Friedmann’s equation (9) requires the density ρ to always
be the same as the critical density ρ = ρc = 3H
2/(8piG). The quantity Ω is the present
density ρ0 divided by the present critical density ρc0; in a k = 0, spatially flat universe it is
unity
Ω ≡ ρ0
ρc0
= 1. (17)
The present density of baryons and dark matter ρbd and that of radiation ρr0 do not add
up to the critical density ρc0. In our k = 0 universe, the difference is the density of empty
space ρΛ = ρc0 − ρbd0 − ρr0
ρΛ = ρc0 − ρb0 − ρd0 − ρr0. (18)
Michael Turner called it dark energy. It is represented by a cosmological constant Λ =
8piGρΛ [27, 28].
Any departure from k = 0 would imply a nonzero value for the curvature density ρk =
−3c2k/(8piGa2L2) and for the dimensionless ratio
Ωk =
ρk0
ρc0
= − c
2k
a20H
2
0L
2
. (19)
The WiggleZ dark-energy survey [29] used baryon acoustic oscillations to estimate this ratio
as Ωk = −0.004±0.006; the WMAP [7, 8] collaboration found it to be Ωk = −0.0027±0.0039,
consistent with zero, and the Planck collaboration [12] got the tighter bound
Ωk ≡ = 0.0007± 0.0019. (20)
For these reasons, the base model of the Planck collaboration has k = 0, and I will use that
value in Sections III and IV.
In flat space, time is represented by the real line and space by a 3-dimensional euclidian
space that expands with a scale factor a(t). In terms of comoving spherical and rectangular
coordinates, the line element is
ds2 = − c2dt2 + a2(t) (dr2 + r2dΩ2) = −c2dt2 + a2(t) (dx2 + dy2 + dz2) (21)
where dΩ2 = dθ2 + sin2 θ dφ2.
9If light goes between two nearby points r and r′ in empty space in time dt, then the
physical distance between the points is c dt. The flat-space invariant (21) gives that phys-
ical or proper distance as c dt = a(t)
√
(r − r′)2. The corresponding comoving distance is√
(r − r′)2.
Astronomers use coordinates in which the scale factor at the present time t0 is unity
a(t0) = a0 = 1. In these coordinates, physical or proper distances at the present time t0 are
the same as comoving distances, a(t0)
√
(r − r′)2 = √(r − r′)2.
A photon that is emitted at the time td of decoupling at comoving coordinate rd and
that comes to us through empty space along a path of constant θ, φ has ds2 = 0, and so the
formula (21) for ds2 gives
c dt = − a(t) dr. (22)
If our comoving coordinates now on Earth are t0 and r = 0, then the comoving radial
coordinate of the emitting atom is
rd =
∫ rd
0
dr =
∫ t0
td
c dt
a(t)
. (23)
The angle θ subtended by a comoving distance
√
(r − r′)2 that is perpendicular to the
line of sight from the position rd of the emitter to that of an observer now on Earth is
θ =
√
(r − r′)2
rd
. (24)
To find the distance rd, we need to know how the scale factor a(t) varies with the time t.
III. HOW THE SCALE FACTOR EVOLVES
This section begins with a discussion of how the densities of massive particles, of massless
particles, and of dark energy vary with the scale factor. These densities and the assumed
flatness of space will then be used to compute the distance from the surface of last scattering
and the farthest distance that will ever be observed.
As space expands with the scale factor a(t), the density of massive particles falls as
ρbd =
ρbd0
a3(t)
=
Ωbd ρc0
a3(t)
. (25)
Because wavelengths stretch with a(t), the density ρr of radiation falls faster
ρr =
ρr0
a4(t)
=
Ωr ρc0
a4(t)
. (26)
10
The density of empty space ρΛ does not vary with the scale factor
ρΛ = ΩΛ ρc0. (27)
The Planck values for the density ratios are
Ωbd h
2 = 0.14175, Ωr h
2 = 4.15787× 10−5, and ΩΛ h2 = 0.31537. (28)
The last four equations let us estimate when the density of matter ρbd first equaled that of
radiation ρbd = ρr as when
z + 1 =
1
a
=
Ωbd
Ωr
= 3409 (29)
and when the density of dark energy ρΛ first equaled that of matter ρΛ = ρbd as when
z + 1 =
1
a
=
(
ΩΛ
Ωbd
)1/3
= 1.305. (30)
To relate the red shift z and the scale factor a = 1/(z + 1) to the time since the moment of
infinite redshift, we need to how the scale factor changes with time.
Friedmann’s equation for flat space (9) and the formula (10) for the critical density ρc0
give the square of the Hubble rate as
H2 =
8piG
3
ρ =
8piG
3
(ρbd + ρr + ρΛ) =
8piG
3
(
Ωbd
a3
+
Ωr
a4
+ ΩΛ
)
ρc0
=
8piG
3
(
Ωbd
a3
+
Ωr
a4
+ ΩΛ
)
3H
2
0
8piG
h2 = H
2
0
(
Ωbd h
2
a3
+
Ωr h
2
a4
+ ΩΛ h
2
)
.
(31)
This equation evaluated at the present time t0 at which H = H0 and a(t0) = 1 is
H20 = H
2
0
(
Ωbd h
2 + Ωr h
2 + ΩΛ h
2
)
= H20 (Ωbd + Ωr + ΩΛ) (32)
which restates the flat-space relation (17)
Ω = Ωbd + Ωr + ΩΛ = 1. (33)
Using the formula (31) for H and a little calculus
dt =
da
a˙
=
da
a(a˙/a)
=
da
aH
, (34)
we find as the time t elapsed since t = 0 when the scale factor was zero a(0) = 0 as
t =
∫ t
0
dt =
∫ a(t)
0
da
aH
=
1
H0
∫ a(t)
0
da√
ΩΛ h2 a2 + Ωbd h2/a+ Ωr h2/a2
(35)
11
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FIG. 5: The scale factor a(t) (solid, blue, left axis) and redshift z(t) (dotdash, red, right
axis) are plotted against the time in Gyr (Fig. 13.2 of [19], reprinted with permission).
in which the definition (7) of H0 is H0 = 100 km/s/Mpc = 3.24078 × 10−18 s−1. Numerical
integration leads to the values z(t) and a(t) plotted in Fig. 5.
Again using the formula (31) for H and a little calculus
dt
a
=
da
aa˙
=
da
a2(a˙/a)
=
da
a2H
, (36)
we find as the comoving distance travelled by a radially moving photon between t1 and t2
r2 − r1 =
∫ t2
t1
c dt
a(t)
=
∫ a(t2)
a(t1)
c da
a2H
=
c
H0
∫ a(t2)
a(t1)
da√
ΩΛ h2 a4 + Ωbd h2 a+ Ωr h2
. (37)
Thus the comoving distance rd from the surface of last scattering at the time td of decoupling
at a(td) = 1/1091 to r = 0 at t0 is
rd =
∫ t0
td
c dt
a(t)
=
c
H0
∫ 1
1/1091
da√
ΩΛ h2 a4 + Ωbd h2 a+ Ωr h2
. (38)
Substituting the values (28), we get as the distance from the surface of last scattering
rd = 4.29171× 1026 m = 1.39085× 104 Mpc = 4.53634× 1010 ly. (39)
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At the time of decoupling, the physical distance a(td)rd of the surface of last scattering
from us was a(td)rd = rd/1091 = 4.16 × 107 ly. A signal traveling that distance in time
td = 3.8× 105 y would have had a speed of more than 100 c [30]. Yet the the CMB coming
to us from opposite directions is at almost the same temperature. Two explanations for this
paradox are: that the hot big bang was preceded by a short period of superluminal expansion
called inflation [31, 32] and that the universe equilibrated while collapsing before the hot
big bang [33, 34] — a bouncing universe.
The scale factor is a(0) = 0 at t = 0, the time of infinite redshift, and is a(∞) = ∞
at t = ∞ infinitely far in the future. Thus the comoving radial coordinate r∞ of the most
distant emission of a photon that we could receive at r = 0 if we waited for an infinitely
long time is given by the integral
r∞ =
∫ ∞
0
c dt
a(t)
=
c
H0
∫ ∞
0
da√
ΩΛ h2 a4 + Ωbd h2 a+ Ωr h2
= 5.94739× 1026 m = 1.92742× 104 Mpc = 6.2864× 1010 ly
(40)
which converges because of the vacuum-energy term ΩΛ a
4 in its denominator. Light emitted
at the time of the big bang farther from Earth than 63 billion lightyears will never reach us
because dark energy is accelerating the expansion of the universe.
IV. THE SOUND HORIZON
This section begins with a discussion of how rapidly changes in density can propagate
in the hot plasma of dark matter, baryons, electrons, and photons before decoupling. This
sound speed is then used to compute the maximum distance rs that a density fluctuation
could propagate from the time of the big bang to the time of decoupling. The resulting
sound horizon rs is the maximum radius of a fluctuation in the CMB. The angle subtended
by such a fluctuation is the sound horizon divided by the distance rd (39) from the surface
of last scattering, θs = rs/rd. We will compute this angle as well as the Hubble constant and
the age of the universe by using the Planck values for the densities of matter, radiation, and
dark energy, and the assumption that space is flat.
Before photons decoupled from electrons and baryons, the oscillations of the plasma of
dark matter, baryons, electrons, and photons were contests between gravity and radiation
pressure. Because photons vastly outnumber baryons and electrons, the photons determined
13
the speed of sound vs in the plasma. The pressure p of a gas of photons is one-third of its
energy density p = ρ c2/3, and so the speed of sound due to the photons is [35, Sec. iii.6]
vs =
(
δp
δρ
)1/2
=
c√
3
. (41)
A better estimate of the speed of sound is one that takes into account the baryons [14, ch. 2]
vs =
c√
3
1√
1 +R
(42)
in which R is proportional to the baryon density (4) divided by the photon density (14)
R =
3ρb
4ργ
=
3ρb0
4ργ0
a = 678.435 a. (43)
The sound horizon rs is the comoving distance that a pressure or sound wave could travel
between the time of infinite redshift and the time of decoupling. The high-density bubble
is a sphere, so we can compute the distance rs for constant θ, φ. Using the ratios Ωbd and
Ωr in the distance integral (37) with lower limit a(0) = 0 and upper limit ad = 1/1091 and
with the speed of light c replaced by the speed of sound vs (42 and 43), we get
rs =
∫ td
0
c dt√
3(1 +R) a(t)
=
c√
3 H0
∫ 1/1091
0
da√
(1 +R)(ΩΛ h2 a4 + Ωbd h2 a+ Ωr h2)
. (44)
Substituting the values Ωbd h
2 = 0.14175, Ωr h
2 = 4.15787× 10−5, and ΩΛ h2 = 0.31537, we
find for the sound horizon
rs = 4.4685× 1024 m = 144.814 Mpc = 4.72321× 108 ly. (45)
The angle subtended by the sound horizon rs at the distance rd is the ratio
θs =
rs
rd
= 0.0104119 (46)
which is exactly the Planck result θP = 0.0104119 ± 0.0000029, a measurement with a
precision of 0.03 % [12]. It is the location of the first peak in the TT spectrum of Fig. 4.
Had we done this calculation (38 and 44) of the angle θs for a variety of values for the
dark-energy density ΩΛh
2, we would have found ΩΛh
2 = 0.31537 as the best density. Thus
the Planck measurement of θs together with the flatness of space and the densities of matter
and radiation determine the density of dark energy.
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The formula (31) for the Hubble rate in terms of the densities gives the Hubble constant
as
H0 = H0
√
ΩΛ h2 + Ωbd h2 + Ωr h2 = 67.614 km s
−1 Mpc−1 = 2.19121× 10−18 s−1. (47)
This value is well within 1σ of the value found by the Planck collaboration H0 = 67.66±0.42
km/s/Mpc [12]. The Planck value for H0 reflects the physics of the universe between the
big bang and decoupling some 380,000 years later. Using the Hubble Space Telescope to
observe 70 long-period Cepheids in the Large Magellanic Cloud, the Riess group recently
found [25] H0R = 74.03 ± 1.42 km/s/Mpc, a value that reflects the physics of the present
universe. More recently, using a calibration of the tip of the red giant branch applied to
Type Ia supernovas, the Freedman group found [26] H0F = 69.8 ± 0.8 km/s/Mpc, another
value that reflects the physics of the present universe.
Finally, using the formula (31) for the Hubble rate H = a˙/a in terms of the density
ratios, we can write the age of the universe as an integral of dt = da/(aH) from a(0) = 0 to
a(t0) = 1
t0 =
∫ 1
0
da
aH
=
∫ 1
0
da
H0
√
ΩΛ h2 a2 + Ωbd h2 a−1 + Ωr h2 a−2
(48)
= 4.35756× 1017 s = 13.808× 109 sidereal years, (49)
which is within 1σ of the Planck collaboration’s value t0 = (13.787± 0.020)× 109 y [12].
V. SENSITIVITY OF THE SOUND HORIZON TO Λ
In this section, keeping the Hubble constant fixed but relaxing the assumption that space
is flat, we will compute the distances rs and rd and the angle θs = rs/rd for different values
of the dark-energy density. We will find that although the sound horizon rs remains fixed,
the distance rd and the angle θs vary markedly as the cosmological constant runs from zero
to twice the Planck value. This wide variation supports the conclusion that space is flat and
that the dark-energy density is close to the Planck value.
Since astronomical observations have determined the value of the Hubble constant H0 to
within 10%, we will keep it fixed at the value estimated by the Planck collaboration while
varying the density of dark energy and seeing how that shifts the position θs of the first
15
peak of the TT spectrum of Fig. 4. Since the energy density will not be equal to the critical
density, space will not be flat, so we must use the Friedmann equation (6)
H2 =
(
a˙
a
)2
=
8piG
3
ρ− c
2k
a2L2
= H
2
0
(
Ωbd h
2
a3
+
Ωr h
2
a4
+ ΩΛk h
2
)
− c
2k
a2L2
(50)
which includes a curvature term instead of the flat-space Friedmann equation (6). Since we
are holding the Hubble constant H0 fixed, the curvature term −c2k/(a20L2) must compensate
for the change of the cosmological-constant ratio to ΩΛk from the Planck value ΩΛ = 0.6889±
0.0056 [12]. We can find the needed values of k and L by using the equation (31) for the
Hubble constant. We require
H20 = H
2
0
(
Ωbd h
2 + Ωr h
2 + ΩΛ h
2
)
= H
2
0
(
Ωbd h
2 + Ωr h
2 + ΩΛk h
2
)− c2k
a20L
2
(51)
or
c2k
a20L
2
= H
2
0 h
2 (ΩΛk − ΩΛ) and L =
c
a0H0|ΩΛk − ΩΛ|
(52)
in which k = (ΩΛk − ΩΛ)/|ΩΛk − ΩΛ| = ±1. With these values of k and L, Friedmann’s
equation (50) is
H2 =
(
a˙
a
)2
= H
2
0
(
Ωbd h
2
a3
+
Ωr h
2
a4
+ ΩΛk h
2
)
− c
2k
a2L2
= H
2
0
(
Ωbd h
2
a3
+
Ωr h
2
a4
+ ΩΛk h
2
(
1− 1
a2
)
+ ΩΛ h
2
)
.
(53)
Now since k 6= 0 when ΩΛ is replaced by ΩΛk , the relation (23) between cdt and an
element dr of the radial comoving coordinate becomes the one that follows from ds2 = 0
when the FLRW formula (5) for ds2 applies
c dt
a(t)
= ± dr√
1− kr2/L2 . (54)
The minus sign is used for a photon emitted during decoupling at t = td on the surface of
last scattering at r = rd and absorbed here at r = 0 and t = t0. Integrating, we get as the
scaled distance D(t0, td) traveled by a photon emitted at comoving coordinate rd at time td
and observed at r = 0 at time t0
D(td, t0) ≡
∫ t0
td
c dt
a(t)
=
∫ rd
0
dr√
1− kr2/L2 =

L arcsinh
(
rd/L
)
if k = −1
rd if k = 0
L arcsin
(
rd/L
)
if k = 1
. (55)
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Inverting these formulas (55), we find the comoving coordinate rd of emission
rd =

L sinh
(
D(td, t0)/L
)
if k = −1
D(td, t0) if k = 0
L sin
(
D(td, t0)/L
)
if k = 1
. (56)
Using again the relation (36) dt/a = da/(a2H) and the formula (53) for the Hubble rate,
we find as the scaled distance (55) traveled by a photon from the surface of last scattering
at the time of decoupling
D(td, t0) =
∫ t0
td
c dt
a(t)
=
∫ 1
1/1091
da
a2H
=
c
H0
∫ 1
1/1091
da√
Ωbd h2 a+ Ωr h2 + ΩΛk h
2 (a4 − a2) + ΩΛ h2 a4
.
(57)
Positions of the first peak for various cosmological constants Λk
Λk k rs (Mpc) rd (Gpc) angle θs multipole `
2Λ 1 145 1.53 0.0947 25
3Λ/2 1 145 6.87 0.021 110
Λ 0 145 13.9 0.0104 220
2Λ/3 − 1 145 23.2 0.00624 370
Λ/2 − 1 145 27.9 0.00518 450
Λ/3 − 1 145 33.3 0.00435 530
Λ/4 − 1 145 36.2 0.00400 580
0 − 1 145 221 0.00065 3550
TABLE I: The values of the parameter k, of the comoving coordinates of the sound horizon rs
and of the surface of last scattering rd, the angle θs = rs/rd, and the approximate multipole
moment of the first peak in the TT spectrum are listed for several values of the cosmological
constant Λk.
We use the plus sign in the relation (54) between dt and dr for a photon emitted in the
big bang at r = 0 and absorbed at rs at td. So using again the relation (36) dt/a = da/(a
2H)
and the formula (53) for the Hubble rate, we find the scaled distance a sound wave could go
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Sensitivity of the first peak to the value of the cosmological constant
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FIG. 6: The TT spectra of a sky that is dark except for a single disk at θ = 0 that subtends
an angle θs = rs/rd that is the ratio of the sound horizon rs to the distance rd from the
surface of last scattering for various values of the cosmological constant Λk with the Hubble
constant H0 held fixed. From left to right, the peaks are at ` ≈ 25 and θ = 0.095 for Λk = 2Λ
(dashes, green), at ` ≈ 110 and θ = 0.021 for Λk = 3Λ/2 (dots, bluegreen), at ` ≈ 220 and
θ = 0.0104 for Λk = Λ (solid, dark blue), at ` ≈ 370 and θ = 0.00624 for Λk = 2Λ/3
(dot-dash, teal), at ` ≈ 530 and θ = 0.00435 for Λk = Λ/3 (dots, raspberry), and off scale
at ` ≈ 3550 and θ = 0.00065 for Λ = 0 (dashes, dark red). The spectra are scaled so as to
have the same maximum value.
starting at the big bang and stopping at decoupling would be
D(0, td) =
c
H0
∫ 1/1091
0
da√
3(1 +R)(Ωbd h2 a+ Ωr h2 + ΩΛk h
2 (a4 − a2) + ΩΛ h2 a4)
. (58)
The inversion formulas (56) then give the comoving coordinates rd and rs and the angle
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θs = rs/rd corresponding to D(t0, td) and D(td, 0).
I used these formulas (56–58) to find the angles θs and comoving coordinates rs and rd
that result when the cosmological constant is changed from the Planck value Λ to Λk. The
resulting values of k, rs, rd, θs = rs/rd, and the approximate positions of the first peak in the
resulting TT spectrum are listed in Table I for several values of the cosmological constant
Λk. The position rd of the surface of last scattering varies by a factor of 144, and the angle
θs varies by a factor of 146. The sound horizon rs is almost independent of Λk because in
the integral 58) for D(td, 0), the scale factor a is less than 1/1091, and the ratios ΩΛ and
ΩΛk are respectively multiplied by a
4 ∼ 10−12 and by a4 − a2 ∼ − 10−6.
To see how the first peak of the TT spectrum might vary with the cosmological constant
Λk, I used a toy CMB consisting of a single disk whose radius subtends the angle θs = rs/rd.
For such a disk about the north pole from θ = 0 to θ = θs, only the m = 0 term in the
formula (2) for a`m contributes, and so
a`0 =
√
pi(2`+ 1)
∫ 1
−1
dxP`(x)T (x) and D` =
`(`+ 1)
2
∣∣∣∣∫ 1
xs
dxP`(x)T (x)
∣∣∣∣2 (59)
in which xs = cos θs. To avoid a sharp cutoff at x = cos θs, I chose as the temperature
distribution across the disk T (x) = A [1− cos2(θs)/x2] which drops smoothly to zero across
the disk. The resulting TT spectra for cosmological constants Λk equal to the Planck value
Λ multiplied by 2, 3/2, 1, 2/3, 1/3, or 0 are plotted in Fig. 6. The Hubble constant was held
fixed at the Planck value.
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